Abstract. Mathematical modeling of a little known model of IP referred to as "induced polarization caused by constrictivity of pores" was developed. Polarization occurs in all types of rocks if surface areas and transfer numbers are different for connected pores. The duration of the polarization process depends on two parameters: pore radii of connected capillaries and transfer numbers. During the polarization process all contacts between pores of different transfer numbers will be blocked and the electrical current will flow through the remaining canals. Two phenomena control the amplitude of potential difference at time-on: 1. Successive blockage of pores increases the resistivity of sediments and results in increased measured potential difference. 2. Excess concentration of electrolyte at the boundaries between pores with different radii provides an additional potential. The amplitude of the potential difference (voltage) of such rocks not only depends on solutions filling pore spaces, porosity and tourtuosity of pores channels, but also on ion mobility, diffusion coefficient, and difference of transfer numbers. During timeon a voltage is occurred due to flowing current U curr (t) and excess concentration U excess (t) at the contacts. However during the time-off only the excess of concentration U excess (t) is involved in the diffusion process which tends to level the ion concentration along the pores. It was found that the measured chargeability is proportional to the porosity. Blockage of pores and excess/loss ions at the contacted pores control this physical parameter.
Introduction
It is known that resistivity measured by direct and alternating current is different. This is caused by a phenomenon of induced polarization occurring in the rocks. Two slow types of induced polarization (IP), namely electrode and membrane polarization are known and accepted worldwide. The model of membrane induced polarization (diffusion coupling) was proposed by Marshal and Madden (1959) . It was shown that the diffusion gradients and the electrical potential gradient had to be considered as primary driving forces for the ion motion. Keller (1959) , Keller and Licastro (1959) have proposed the concept of ion traps to explain polarization in claybearing rocks -membrane polarization. According to numerous publications membrane polarization arises chiefly in porous rocks in which clay particles partially block ionic solution paths. The diffused cloud of cations (double layer) in the vicinity of a clay surface is characteristic of a clayelectrolyte system (Ward, 1990) . Under the influence of an electric field, positive charges (cations) easily pass through the cationic cloud but negative charges accumulate. The clay particles and their immediate vicinity acts as an ion-selective membrane: it is a barrier to ions. Upon elimination of the electric field, all charges return to equilibrium positions by a diffusion process. The ion mobility reduction has a stronger influence for slow potential variations (for example 0.1 Hz),
Published by Copernicus Publications on behalf of the European Geosciences Union. related to the time of diffusion of ions between adjacent membrane zones. Following from Jost (1952) , Anderson and Keller (1964) who were the first to use the applied diffusion (heat) equation to explain the phenomenon of membrane polarization in the rocks it was found that the diffusion of ions through the pores of rocks was presented as diffusion through a half limited capillary tube. This simplifies the equation to a homogeneous diffusion equation (at time-off) with boundary and initial conditions:
C(x, t) = C 0 at t = 0, x = 0, C(x, t) = 0, for all x at t 0
To the following:
where C(x, t)is the increase above normal concentration written as a function of the variable x and t, x being the distance of concentration build-up in the direction of diffusion, and t is elapsed time from the instant the ions start diffusing, C 0 is the initial excess of concentration where the ions have accumulated, D is the diffusion coefficient. Let us follow these authors and write the decision of diffusion equation at time-on with initial and boundary conditions:
This is equal to (Koshlyakov, et al., 1970) : containing straight half limited capillaries does not depend on structural and physical properties of pores and pores' electrolyte. This model is not common in real structures of interlaced pores in sediments. Also let us note regardless of mentioned unequal transport properties in case of membrane polarization the Eqs. (1) and (2) do not contain the most important parameters of current flow in pores' system -transfer numbers. However this model as well as equivalent electrical circuit models has been widely used to describe electrode polarization parameters and has resulted in two important conclusions being made which have been accepted by all geophysicists, namely: 1. Processes of IP at time on and time off are the same. 2. There is a linear dependence between applied electrical current and IP amplitude. Practically all existing instruments register transient decay during time-off. Physical modelling has been performed at the CGS for several years using the instrument RIP built by M. Hauger. However, the results of laboratory measurements very often show the opposite. Figure 1 demonstrates the result of laboratory measurements of sample of sandstone number 226A.
A constant current pulse train is generated in the transmitter and passed through the sample via the current electrodes in the sample holder .The porosity of sample is 16%. The measurements were performed for different electrical currents (from 0.05 mA to 1 mA). The voltage is measured at the electrodes connected to the sample. The measured voltage shows no linear dependence on applied current. Since the geometrical shape of the sample is known, resistivity can be calculated as follows:
where V is the voltage, I is constant current setting, S is the surface area of sample, and L is the sample length. Figure 2 demonstrates calculated resistivity of sample for different amplitude of applied current. Obviously the measured resistivity of sample depending on current and that phenomenon does not suit the Ohm's law. Moreover the Fig. 3 demonstrate the value of chargeability measured by different current and calculated as η=V 0.5 /V d , where V 05 is a voltage measured at the time 0.5 s and V d is a primary voltage. This figure demonstrates that the chargeability also depends on the magnitude of the applied current and increases when current decreases. Now we came to the questions: What process of IP are we measuring? How far are our measured parameters from real geo-electrical parameters? Schön (1996) has added the following remark: "The surfaces of silicate minerals often carry negative charges. It is therefore not only found in clay minerals. The effect of the interface on physical properties of porous rocks (electrical and hydraulic) is controlled by the ratio of the interface (or double layer) thickness of pore radius. For large pore radii the influence of the double layer is small, and ion motion is nearly undistributed. But for the small pore radius (or section with small radii) the double 48 V. Y. Zadorozhnaya: Resistivity measured by direct and alternating current: why are they different? layers could touch each other and act as a barrier to anions. Under the influence of an electric field a varying concentration of anions and cations result. This behaviour can be described as passive and active sections where the notation "active" and "passive" refers to the polarization origin within the porous rocks." This type of polarization is mentioned in the book by J. Schön as polarization by constrictivity of pores. However this kind of polarization hardly ever develops. We mentioned already Marshal and Madden (1959) . These authors as well as Kobranova (1986) showed that this type of polarization occurs in sediments containing pores with different surface areas in which the mobilities of ions and transfer numbers are different. They also showed that when electrical current flows through a channel containing pores with different radii (transfer numbers), an excess/loss of ions accumulates at the boundaries. Marshal and Madden (1959) presented the equation of steady-state conditions conductance (with our symbols) as:
where A=l 1 / l 2 B=D 1 n /D 2 n , l 1 l 2 are length of large (1) and narrow (2) capillaries, respectively, D is a diffusion coefficient, u 0 is net concentration of free solution, n 2 k , n 1 k n 2a , n 1a are transfer numbers of cations and anions in narrow and large capillaries. Subscripts k and a indicate cations and anions respectively, numerical subscript indicate the number of pores (1, 2) respectively. However the authors did not analyze when steady-state condition occurs and physical phenomena and mathematical consideration explaining this condition. We can only refer to Pape and his co-authors (1987). They tried to adjust an electrical circuit as well as fractal model to describe processes causing by constrictivity of pores. Some aspects of this kind of polarization were discussed by Titov et al. (2002) . This paper intends to develop the model of polarization by constrictivity of pores by giving briefly a mathematical consideration of the process and discusses the physical phenomena occurring during time-on and time-off of applied electri- cal current. Therefore we shall also name this kind of polarization as membrane polarization because the origin of this process is to form membranes between connected pores.
Theoretical consideration
The complete theoretical consideration of membrane polarization caused by constrictivity of pore radii was developed and published (Zadorozhnaya and Hauger, 2007, 2008a, b) . Here we mention only the solutions of the mathematical problems and discuss the most important obtained results. The duration of the polarization process in pores is controlled by the transfer numbers, radii of the connected pores, and amplitude of the electrical current. If a large pore connects to a narrow pore, the ion concentration in the vicinity of the contact decreases. Our aim is to provide modelling of membrane polarization in rocks with complex structures of pore spaces and prove the issues mentioned above. The primary model (cell) consists of three connected pores with surface areas S 1 (central pore), S 2 and S 3 are respectively left and right pores (Fig. 4) . Afterwards more complicated models containing many connected pores of different sizes and transfer numbers are submitted. The solutions are presented for time-on and time-off. Then we also intend to show that the resistivity of sediments change during the application of an electrical current.
Considering the problem of salinity distribution of ions in a solution filling pores, when a spontaneous electrical current is applied (time-on). Diffusion distribution in a bar, with controlled salinity on its ends, can be used as a solution for this case (Koshlyakov et al., 1970) . The general diffusion equation is the following:
Where u is the salinity of the solution, a 2 =D is a diffusion coefficient. The boundary conditions and initial conditions are:
where l is the length of the central pore 1, ϕ on (t) is constant and equal to the salinity of cations and anions at steady condition. It was shown (Zadorozhnaya and Hauger, 2007) that the boundary conditions can be written as follows:
where
Here numerical subscript indicate the number of pores (1, 2 and 3), u 0 is the initial salinity of the solution, u is the excess of salinity at the boundary between pores, σ is the conductivity of ions, n is the transfer number of ions in the pore, I is an electrical current flowing in the pore, t is time. Equation (8) show a linear dependency of salinity on time at the boundaries between capillaries and depends on the square value of the electrical current I . Obviously if n 2 =n 1 and/or n 3 =n 1 there is not an excess of ions on the contacts between pores. On the other hand if pore radii are different but both are large the influence of the double electrical layers (DEL) can be neglected because n 2 =n 1 =0.5 and/or n 3 =n 1 =0.5 and no excess of ions occurs at the boundaries. The solution of (5) can be found as the following series:
If ϕ on =const than ψ 1 (t)−(−1) n ψ 2 (t)=Y +X·t, where
The solution of (5) with boundary conditions (6) can be written as (Zadorozhnaya and Hauger 2007) :
The calculation shows the excess of salinity localized at pore contacts. It is very important to note that if at one of the contacts (2 or 3) the salinity of the solution is decreasing, it can reach the situation where the salinity at this contact becomes equal to zero (u 2,3 (t 0 )=u 0 ). In this case it can be expected that disconnection of the electrical circuit will occur (blockage of pore channel). However, the potential difference between the pore ends stays constant. Let us name t 0 as the critical time of the polarization process. Then t 0 is equal to:
Now we come to an important conclusion: the duration of the polarization process t 0 in pores is controlled by the transfer numbers and radii of the connected pores. So the boundary conditions (9) for our problem exist up to time t 0 , after which the electrical circuit ruptures and the potential difference between the pore ends becomes constant. Figure 5 demonstrates left boundary conditions (between capillaries 1 and 3) for a sample containing ten pore cells. Why are boundary conditions not linear? They remain linear until a pore blockage occurs, then the current finds suitable unblocked pores and continues flowing through these un-blocked pores until another blockage occurs. -Concentration distribution in connected pores (Diffusion equation for half limited pore with specified boundary and initial conditions).
Second approximation:
-Additional concentration along the pores due to sources of ions at the contacts of pores. (Inhomogeneous diffusion equation where source functions are found as the difference between boundary conditions defined at different sides of connected pores (zero initial conditions).
The calculation showed that after time-off the diffusion process slowly leveled the concentration along the pores reaching the initial concentration.
The boundary and initial conditions of diffusion Eq. (5) are different at time-on and time-off. Consequently the solutions of Eq. (5) for the time-on and time-off are different. Obviously potential and potential differences occurring between two electrodes are also different for both time-on and time-off.
If current is flowing through the sample containing numerous pore configurations the potential can be presented as a sum of potentials that occur due to flowing conductive current U curr (t) and excess concentration U excess (t) at the contacts:
If electrical current does not flow through the sample the potential is defined by excess of concentration U excess (t) only. Then:
Adv. 
Analyze and discussion

Mathematical simulation of salinity distribution along the pores
The computing programs have been written in Mat lab and results of calculations have to be discussed now. For calculations four types of models (Fig. 6a, b , c, d) were used. Parameters of models are shown in the Table 1 . Length of main pore is always equal to 1 mm; electrolyte concentration is 0.01 mol/l. The direction of current flow as shown in the Fig. 4 . Figure 6a , b, c, d demonstrate salinity distribution in different types of model for the time-on. If a large capillary is connected to a narrow capillary the difference of transfer numbers is negative and a decrease of ion concentration occurs (Fig. 6a, b, c) . The duration of the polarization process depends on the pore radii and transfer numbers. Time of blockage is much earlier in model 2 and model 4 (Fig. 6b, d ) (0.79 c) but 2.2 c in model 1 (Fig. 6a) . Model 3 (Fig. 6c) will never be blocked since the concentration of ions in model 4 decrease at both ends of the main pore. Figure 7a demonstrates the electrolyte concentration distribution during the time off at selected times in model 1. Time of blockage in this model is equal to t 0 =0.0158 c. The diffusion process slowly leveled the concentration along the pores reaching the initial concentration 0.01 mol/l. rent will be applied to this model then blockage of pores' channel occurs at the time 0.0158 s a. However at the same time after time-on of electrical current the ions are neither leveled completely nor even leveled considerably (Fig. 7b) .
Difference at time-on and time-off
Obviously the process of diffusion is much slower than concentration distribution due to applied current (time-on). This fact has been proved by a large number of measurements done by Hauger in CGS (see Fig. 12 as example).
Voltage and electrical current
Non-linear voltage on applied current has been proved through laboratory measurements (Fig. 1) . This phenomenon 54 V. Y. Zadorozhnaya: Resistivity measured by direct and alternating current: why are they different? follows from boundary conditions (9), which are having current, squared (I 2 ). Let us analyze mathematical simulation of IP effect depending on current. Usually rocks contain numerous numbers of pore configurations and blockage of pores occurs all the time for the duration of current flow. Let us select petrophysical model consisting of 12 types of cells (Table 2 ). The ratio of cells with different surface areas (source of IP effect) and straight capillaries where IP effect does not occur is 0.117, it means 11.7% of capillaries have surface areas and transfer numbers different for connected pores. Mathematical simulations (Fig. 8) confirmed results obtained by laboratory measurements namely voltage increases vs. increasing current. However there is no linear dependence between both parameters. Why does this occur? If current is big enough then blockage of pores occurs at the earlier times. In this case ions blocked capillaries are located very close to the contacts and the amount of ions involved into this process is very small. So the contribution of U excess is very small and voltage is defined by conductivity current U curr . When time of blockage occurs later the amount of ions involved with the polarization process increases (see Fig. 7a ) and the ratio between U curr and U excess increases as well. In this case the resistivity of sample also increases (Fig. 9) . It is very important that the values of U excess depend on pore radius. It means the maximum contribution to potential and potential difference occurs with larger pores. However as we mentioned above if large pores are dominant in the sample then IP effect will be negligibly small: the transfer numbers of large pores are close to 0.5 and accordingly the transfer numbers difference will be close to zero, and excess of electrolyte concentrations at the vicinity of pore boundaries will also be close to zero (see Eq. 9). If sediments contain narrow pores the contribution of U excess will be small. The voltage will only be determined by the U curr . So the combination of large and narrow pores controls the value of the membrane IP effect. 
Porosity
It is well known that resistivity decreases with porosity. The laboratory measurements of samples of kimberlite collected from different depths have been used. Unfortunately parameters of porosity had not been measured during the experiments but only density. However usually rocks with low density are characterized by higher porosity. All measurements were measured with the same amplitude of current (0.5 mA). The Fig. 10 demonstrates measured chargeability of kimberlites of different density. Obviously chargeability decreases vs. density; it means we can suppose the chargeability is increasing with porosity. Figure 11 shows calculated chargeability of models (Table 2) with different porosity. The same dependence has been observed: increasing porosity follows increasing chargeability. The explanation of physical phenomenon is the same. High porous rocks involve more ions to induced polarization process than low porous rocks. Process of leveling is slow and as denser clouds of ions concentrate at the contact the longer is the following process of leveling. Figure 12 shows mathematical modeling of voltage of samples with different porosity. However this dependence is more complicated. In low porous rocks the voltage (resistivity) decreases with decreasing porosity. However as porosity increases so does the amount of ions involved in IP effect and the dependence becomes reversed: increasing porosity results in increasing voltage (resistivity). In this case U excess is to be dominated by U curr . 
56
V. Y. Zadorozhnaya: Resistivity measured by direct and alternating current: why are they different? The following dependence presented in semi-logarithm scale can be seen in the Fig. 13 . The resistivity of kimberlites decreases very fast from 4000 to 100 Ohmm with decreasing density (i.e. increasing porosity) from 2.8 to 2.6 g/cm 3 . However resistivity of low dense (higher porous) rocks remains more or less stable (approximately 80-100 Ohmm) with further decreasing density from 2.0 to 1.95 g/cm 3 . So this example (laboratory measurements and mathematical modeling of resistivity of porous rocks) demonstrates a very complicated relationship between resistivity and porosity of rocks.
Electrolyte concentration
It is known that all kinds of polarization effects exist only if concentration of electrolyte filled pores space of rocks is low. Let us see a mechanism of membrane polarization effect depending on this parameter. The Eq. (12) shows that the time taken to block the pores is linearly dependent on the conductivity of electrolyte σ . The The Fig. 15 shows the salinity distribution along the pore at time 1 s (or early if blocked pores occurs at the earlier than 1 s time) for our model (Table 2 ). It is clear that if concentration is low then blockage of pores occurs at the earliest time. However in this case there could be no considerable excess of ions at the contact. This effect is similar to the effect of salinity distribution of ions due to high amplitude current: the electrical resistivity is determined by non-blocked capillaries and the influence of excess of ions u a,K is minimal. Increasing the salinity of water provides an excess of ions at the contacts. However the velocity of ion accumulation becomes slow. If the concentration of solution is very high (as example 1 mol/l, it means 56 g/l NaCl), then the process of ions accumulation would not have even started at the time 1 s. So it takes a lot of time to observe a non-neglectible IP effect in samples filled by salt water. The Fig. 16 demonstrates the measured voltage of a sample of sandstone number 261C, filled by salty water (concentration 7 g/l or 0.125 mol/l). If applied current is high enough the IP effect can be recognized due to earlier blockage of pores. Decreasing current follows linear dependence voltage on current -no IP effect can be observed.
The Fig. 17 demonstrates the calculated resistivity for this sample (using Eq. 3). In this case the opposite to sample no. 226A phenomenon is observed. If current is high enough (1 mA and 0.5 mA) then pores are blocking at the earlier time and IP effect occurs. The value of resistivity reaches 315 Ohmm. However decreasing current does not have an 58 V. Y. Zadorozhnaya: Resistivity measured by direct and alternating current: why are they different? influence on the value of resistivity of sample (∼250 Ohmm). These laboratory measurements confirmed our theoretical consideration.
Frequency
The laboratory measurements and mathematical modeling (as example Fig. 7a time-on case and 7a -time-off) show that the process of membrane IP is relatively slow. Which is why there is no IP effect with high frequency of applied current: In fact the process of IP may not even have started during the short current cycle.
Testing the theory with laboratory measurements
Now we must reconcile the theory and laboratory measurements. Figure 18a , b, c demonstrate mathematical modeling of the IP effect for different applied currents, namely 0.5 mA, 0.1 mA and 0.05 mA (time-on) and the subsequent diffusion process (time-off). These figures show calculated pores structure models for sample 226A. These figures demonstrate the possible size distribution of pores in the sample. The parameters of pores are shown in the Table 3 , 22 cells of pores can roughly describe the pores structure of this sample. Figure 19a presents a histogram of the relative volume of cylindrical shaped pores V i /V in the sample (where V i is the volume of all main pores of i-size and V is the total volume of cylindrical shaped pores) vs. their volume. Obviously the large pores occupy more space but the number of these pores are relatively small (Table 3) . The relationship between the relative amount of shaped pores and their volume is linear for this model (Fig. 19b) . Another histogram (Fig. 19c) shows the relative amount of cylindrical shaped pores vs. their pore radius r 1 . This is the first attempt to calculate the pore size distribution using IP laboratory data. Using different currents allow us to obtain more reliable data. However this approach must be continued and enhanced by further study. Agreement between the calculation results and laboratory data is good. Some differences at time-off for a large current can be explained by the limited numbers of pore cells especially of small scale.
We foresee a comparison between the pore size distribution obtained from the interpretation of laboratory measurements, and those obtained using neutron tomography which allows for the scanning of samples with a minimum spatial resolution of 100 µm (De Beer et al., 2007) .
Conclusions
Mathematical modeling of a little known model of IP referred to as "induced polarization caused by constrictivity of pores" was developed. Polarization occurs in all types of rocks if surface areas and transfer numbers are different for connected pores. The duration of the polarization process depends on two parameters: pore radii of connected capillaries and transfer numbers. During the polarization process all contacts between pores of different transfer numbers will be blocked and the electrical current will flow through the remaining canals. Two phenomena control the amplitude of potential difference at time-on: 1. Successive blockage of pores increases the resistivity of sediments and results in increased measured potential difference. 2. Excess concentration of electrolyte at the boundaries between pores with different radii provides an additional potential. The amplitude of the potential difference (voltage) of such rocks not only depends on solutions filling pore spaces, porosity and tourtuosity of pores channels, but also on ion mobility, diffusion coefficient, and difference of transfer numbers. During time-on a voltage is occurred due to flowing current U curr (t) and excess concentration U excess (t) at the contacts. However during the time-off only the excess of concentration U excess (t) is involved in the diffusion process which intends to level the ion concentration along the pores. It was shown that measured chargeability is proportional to porosity. Blockage of pores and excess/loss ions at the contacted pores control this physical parameter. However the relationship between resistivity and porosity is very complicated. Mathematical modeling and laboratory measurements both confirmed the membrane IP effect diminishing with increasing salinity of fluid filled pores of rocks. The model of IP caused by constrictivity of pores can be regarded as a general model for membrane polarization. The new algorithm was tested on laboratory measurements data showing its good agreement with theory. The first attempt to calculate pore size distribution using IP laboratory data has been presented.
Membrane polarization does not exist on high frequency of electrical current. Which is why resistivity measured by direct and alternating current are different. The definition of the membrane IP effect is: "Membrane IP is the successive blockage of inter-pore connections due to the excess distribution of ions during current flow".
